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図 1  集合 A ,B は横軸上ではAの方が右にあるが，
密度分布を見ると Bの方が右に偏っている． 
𝑘𝑘𝑘𝑘 ∈ int𝐶𝐶𝐶𝐶 lim
𝑡𝑡𝑡𝑡↓0
𝑡𝑡𝑡𝑡𝑘𝑘𝑘𝑘 
図 2  点集合 Aの測度は 0だが，積分範囲をずらし
て右側極限（図 3）をとる必要がある． 
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評価関数の定義 
集合 A,Bの密度関数𝜓𝜓𝜓𝜓A, 𝜓𝜓𝜓𝜓Bは支持関数δを用いて 
𝜓𝜓𝜓𝜓A(𝑎𝑎𝑎𝑎) = δ𝐴𝐴𝐴𝐴(𝑎𝑎𝑎𝑎)𝜓𝜓𝜓𝜓A(𝑎𝑎𝑎𝑎), ∫ 𝜓𝜓𝜓𝜓A(𝑎𝑎𝑎𝑎)ℝ𝑛𝑛𝑛𝑛 𝑑𝑑𝑑𝑑𝑎𝑎𝑎𝑎 = 1 
𝜓𝜓𝜓𝜓B(𝑏𝑏𝑏𝑏) = δ𝐵𝐵𝐵𝐵(𝑏𝑏𝑏𝑏)𝜓𝜓𝜓𝜓𝐵𝐵𝐵𝐵(𝑏𝑏𝑏𝑏), ∫ 𝜓𝜓𝜓𝜓𝐵𝐵𝐵𝐵(𝑏𝑏𝑏𝑏)ℝ𝑛𝑛𝑛𝑛 𝑑𝑑𝑑𝑑𝑏𝑏𝑏𝑏 = 1 
を満たしかつ互いに独立とする．このとき，
𝑋𝑋𝑋𝑋 = 𝐵𝐵𝐵𝐵 𝐵 𝐵𝐵𝐵𝐵 によるたたみこみにより合成密度関数
𝜓𝜓𝜓𝜓A,B: = 𝜓𝜓𝜓𝜓Xを 

























(a)集合－Aの密度関数を 𝜓𝜓𝜓𝜓−A(𝑎𝑎𝑎𝑎): = 𝜓𝜓𝜓𝜓A(𝐵𝑎𝑎𝑎𝑎)として
計算すれば明らか． 
(b) 𝐵𝐵𝐵𝐵 𝑎𝐶𝐶𝐶𝐶,𝜏𝜏𝜏𝜏(i) 𝐵𝐵𝐵𝐵とする．C :pointedよりs: = 𝑓𝑓𝑓𝑓C(𝐵𝐵𝐵𝐵,𝐵𝐵𝐵𝐵) +




 をかけるとA 𝑎C,τ(ii) Bを得る．さらに左辺に (fC(B, A) 𝐵 fC(B, A) + 𝑓𝑓𝑓𝑓{𝜃𝜃𝜃𝜃}(𝐵𝐵𝐵𝐵,𝐵𝐵𝐵𝐵) 𝐵 𝑓𝑓𝑓𝑓{𝜃𝜃𝜃𝜃}(𝐵𝐵𝐵𝐵,𝐵𝐵𝐵𝐵))/sを
加えると(a)より1 𝐵 fC(B,A)−𝑓𝑓𝑓𝑓{𝜃𝜃𝜃𝜃}(𝐵𝐵𝐵𝐵,𝐴𝐴𝐴𝐴)
s
≥ τ となり，s 𝑎 1 なのでA 𝑎C,τ(iii) B を得る． 
(c) Cが全順序をなすとする．この時fC(A, B) +fC(B, A) 𝐵 𝑓𝑓𝑓𝑓{𝜃𝜃𝜃𝜃}(𝐵𝐵𝐵𝐵,𝐵𝐵𝐵𝐵) = 1 よりA 𝑎C,τ(iii) B ならばA 𝑎C,τ(i) B である．(b)と併せれば結論を得る． 
(d) 𝑓𝑓𝑓𝑓C(𝐴𝐴𝐴𝐴,𝐴𝐴𝐴𝐴)




















𝑓𝑓𝑓𝑓C(𝐵𝐵𝐵𝐵,𝐵𝐵𝐵𝐵) > 0のとき，閾値τ ∈ ]0,1]に対して， 
(i) 𝐵𝐵𝐵𝐵 𝑎𝐶𝐶𝐶𝐶,𝜏𝜏𝜏𝜏(i) 𝐵𝐵𝐵𝐵 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑓𝑓𝑓𝑓��  𝑓𝑓𝑓𝑓C(𝐵𝐵𝐵𝐵,𝐵𝐵𝐵𝐵) ≥ 𝜏𝜏𝜏𝜏, 
(ii) 𝐵𝐵𝐵𝐵 𝑎𝐶𝐶𝐶𝐶,𝜏𝜏𝜏𝜏(ii) 𝐵𝐵𝐵𝐵 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑓𝑓𝑓𝑓�� 𝑓𝑓𝑓𝑓C(𝐴𝐴𝐴𝐴,𝐵𝐵𝐵𝐵)𝑓𝑓𝑓𝑓C(𝐴𝐴𝐴𝐴,𝐵𝐵𝐵𝐵)+𝑓𝑓𝑓𝑓C(𝐵𝐵𝐵𝐵,𝐴𝐴𝐴𝐴)−𝑓𝑓𝑓𝑓{𝜃𝜃𝜃𝜃}(𝐴𝐴𝐴𝐴,𝐵𝐵𝐵𝐵) ≥ 𝜏𝜏𝜏𝜏, 
(iii) 𝐵𝐵𝐵𝐵 𝑎𝐶𝐶𝐶𝐶,𝜏𝜏𝜏𝜏(iii) 𝐵𝐵𝐵𝐵 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑓𝑓𝑓𝑓��  1 𝐵 𝑓𝑓𝑓𝑓C(𝐵𝐵𝐵𝐵,𝐵𝐵𝐵𝐵) + 𝑓𝑓𝑓𝑓{𝜃𝜃𝜃𝜃}(𝐵𝐵𝐵𝐵,𝐵𝐵𝐵𝐵) ≥ 𝜏𝜏𝜏𝜏. 
 
𝐵𝐵𝐵𝐵 𝑎𝐶𝐶𝐶𝐶,𝜏𝜏𝜏𝜏(i) 𝐵𝐵𝐵𝐵 𝐵 𝐵𝐵𝐵𝐵 𝑎𝐶𝐶𝐶𝐶,𝜏𝜏𝜏𝜏(ii) 𝐵𝐵𝐵𝐵 𝐵 𝐵𝐵𝐵𝐵 𝑎𝐶𝐶𝐶𝐶,𝜏𝜏𝜏𝜏(iii) 𝐵𝐵𝐵𝐵  ∀𝜏𝜏𝜏𝜏 ∈ ]0,1] 
命題：評価関数と二項関係の性質 
 𝑓𝑓𝑓𝑓C(𝐵𝐵𝐵𝐵,𝐵𝐵𝐵𝐵) > 0 のとき，以下が成り立つ． 
(a) 𝑓𝑓𝑓𝑓C(𝐵𝐵𝐵𝐵,𝐵𝐵𝐵𝐵) = 𝑓𝑓𝑓𝑓−C(𝐵𝐵𝐵𝐵,𝐵𝐵𝐵𝐵) 
(b) 𝐵𝐵𝐵𝐵 𝑎𝐶𝐶𝐶𝐶,𝜏𝜏𝜏𝜏(i) 𝐵𝐵𝐵𝐵 𝐵 𝐵𝐵𝐵𝐵 𝑎𝐶𝐶𝐶𝐶,𝜏𝜏𝜏𝜏(ii) 𝐵𝐵𝐵𝐵 𝐵 𝐵𝐵𝐵𝐵 𝑎𝐶𝐶𝐶𝐶,𝜏𝜏𝜏𝜏(iii) 𝐵𝐵𝐵𝐵  ∀𝜏𝜏𝜏𝜏 ∈ ]0,1]  










𝑎𝑪𝑪𝑪𝑪,𝝉𝝉𝝉𝝉(𝐢𝐢𝐢𝐢𝐢𝐢𝐢𝐢) （考慮 しない） 
（考慮 
しない） 
図 4  𝐶𝐶𝐶𝐶 = ℝ+nの場合：左から(i)型，(ii)型，(iii)
型の評価関数が考慮する領域． 
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Optimality evaluation method of two sets, each having density function 
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Correspondence to Yutaka Saito, Department of Management Science and Engineering, Faculty of Systems Science and Technology, Akita 
space. The method of determining optimality in the comparison of two sets is a factor that accords meaning to the objective function in
mathematical modeling. On the other hand, this method of evaluating optimality is still a subject of scholarly discussion. One of the problems is 
that a binary relation with respect to an ordinal cone which sometimes yields an evaluation counterintuitive been using. In this study, the author
proposed and considered a new optimality (that is, a preference rule) using a novel evaluation function and binary relations derived by the vector 
order and a probabilistic approach for sets. The author also proved several propositions of the evaluation function and the binary relations. In 
order to compare the proposed method and the conventional technique, the author verified two sets, each containing probability density 
distribution by calculation and confirmed the difference between the methods. In addition, the author summarized several ideas to improve the 
proposed method, and described its prospects.
Set optimization is a generalization of multi-objective optimization, which aims at achievement of maximum efficiency in multidimensional 
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